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Abstract. Starting from the generalized electromagnetic field equations of dyons, the magneto-
hydrodynamics (MHD) of plasma for particles carrying simultaneously the electric and magnetic
charges (namely dyons), has been reformulated in terms of the electromagnetic duality. Conse-
quently, the frequency of dyonic plasma is obtained for real value of wave number k. In this case,
only those generalized electromagnetic waves are allowed to pass, for which the usual frequency is
greater than the plasma frequency (i.e. ω > ωp). Accordingly, the Ohm’s law has been re-described
to derive the plasma oscillation equation, Magnetohydrodynamic wave equation and to calculate
the energy of dyons in unique and consistent manner.
I. INTRODUCTION
Magneto hydrodynamics (MHD) is a branch of the science of the dynamics of mat-
ter moving in an electromagnetic field [1–3] and thus provides one of the most useful fluid
models, focusing on the global properties of plasma. The field of MHD was initiated by
Alfve´n [4] with the idea that magnetic fields induces currents in a moving conductive
fluid so that it creates forces and changes the magnetic field. The set of equations which
describe MHD are a combination [1] of the Navier - Stokes equations of fluid dynamics
and Maxwell’s equations of electromagnetism. In a series of papers [5–10], we have under-
taken the study of dual electrodynamics, superluminal electromagnetic fields, quaternionic
formulation of dyons in isotropic homogeneous, chiral and inhomogeneous media and ob-
tained the solutions for the classical problem of moving dyon in unique and consistent way.
P. Olesen [11] has shown that dual strings could be a solutions of the magnetohydrody-
namics equations in the limit of infinite conductivity. Yeh-Dryer [12] discussed the multi
dimensional MHD solutions for fictious monopole, while paper Dellar [13] has taken the
case of one dimensional MHD Riemann problem for magnetic monopole. The “magnetic
scenario” for the quark gluon plasma has also been viewed by Shuryak [14] considering
two plasma states one of which electrically charged particle and other is magnetically
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charged quasi particle. Coceal et. al. [15] derived consistently the duality invariant mag-
netohydrodynamics and their dyonic solutions. Keeping in view the recent interest on the
potential importance of magnetic monopole and their possible role in MHD and plasma,
in this paper, we have undertaken the study of magnetohydrodynamics (MHD) of plasma
for particles carrying simultaneously the electric and magnetic charges (namely dyons). It
is shown that the resultant system supports the electromagnetic duality of dyons. Conse-
quently, the frequency of dyonic plasma has been obtained and it is emphasized that there
is a different plasma frequency for each species depending on wave number k. For k to
be real, only those generalized electromagnetic waves are allowed to pass, for which the
usual frequency is greater than the plasma frequency (i.e. ω > ωp). It is also shown that
the plasma frequency sets the lower cuts for the frequencies of electromagnetic radiation
which can pass through a plasma. Accordingly the Ohm’s law has been re-described to
derive the plasma oscillation equation, the magnetohydrodynamic wave equation and to
calculate the energy of dyons in unique and consistent manner.
II. FIELDS ASSOCIATED WITH DYONS
Postulating the existence of magnetic monopoles, the generalized Dirac Maxwell’s




































are the corresponding current densities, ~E is electric field and ~H is magnetic field. GDM
equations (1) are invariant not only under Lorentz and conformal transformations but also










E sin θ +
−→
H cos θ. (2)
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If we apply the transformation (3) and (4) along with the following duality transformations
for current i.e.














Differential equation (1) are the generalized field equations of dyons and the corresponding
electric and magnetic fields are then called generalized electromagnetic field of dyons are







































are the two four - potentials associated with
electric and magnetic charges. Let us define the complex vector field
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equations (6),(7) and (8), thus give rise to the following relation between generalized field































If we apply the transformation (4) and (5) the following duality transformation for poten-
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where ρ and ~J are the generalized charge and current source densities of dyons and given
by;






























Defining the generalized field tensor of dyons as;
Gµν,ν = Fµν − i F
d
µν (19)
one can directly obtained the following generalized field equation of dyon i.e.
Gµν,ν = Jµ;









The Lorentz four - force equation of motion for dyon is written as;
fµ = m0x¨µ = Re Q
∗(Gµνu
ν) (21)
where ′Re′ denotes the real part, {x¨µ} is the four - acceleration and {u
ν} is the four -
velocity of the particle and Q is the generalized charge of dyon.
III. MAGNETOHYDRODYNAMIC EQUATIONS
Magnetohydrodynamics (MHD) is the mathematical tool for the low frequency inter-
action between electrically conducting fluids and electromagnetic fields. MHD is the study
of the interaction of electromagnetic fields and conducting fluids. The partial differential
equations of MHD are derived from Boltzmann’s equation where space and time scales are
considered larger than all inherent scale lengths such as the Debye length (gyro - radii)
of the charged particles. It is, however, more convenient to obtain the MHD equations in
a phenomenological way as the electromagnetic extension of the hydrodynamic equations
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of ordinary fluids, where the main approximation is to neglect the displacement current.
The MHD equations thus describe the motion of a perfectly conducting fluid interacting
with a magnetic field. Hence, we need to combine Maxwell’s equations with the equa-
tions of gas dynamics and provide equations of MHD. The modeling consists of a coupling
between the three equations of continuum fluid mechanics and the Maxwell equations of
electromagnetism, respectively [1, 2, 21–25]. Therefore the set of magnetohydrodynamic
(MHD) equations consists the following equations
III.1. Continuity equation
The first equation associated with the continuum fluid is described as the equation





∇. (ρ−→u ) =0 (22)
where ρ is the charge density and −→u is the particle velocity.
III.2. Equation of motion
The second equation associated with the continuum fluid is described as the standard













H is the magnetic field intensity, ρ is the electric charge density, △
−→
P is the change
in momentum due to collision and D
Dt









III.3. MHD Ohm’s law














= ene[ ~E + ~u× ~H] +△
−→
P e. (25)
where e is the electric charge, m is the mass of the particle, u is the particle speed, ne is




H are the electromagnetic field intensities
△
−→
P e is the change in momentum due to collision of electrons.
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III.4. Maxwell Equations for electromagnetic fields































j is the current density due to electron flow.
IV. MAGNETOHYDRODYNAMIC (MHD) EQUATIONS FOR DYONS
We may now generalize the MHD as the study of the interaction of electromagnetic
fields of dyons (particles carrying simultaneous existence of electric and magnetic charges)
and conducting fluids carrying electric and magnetic charges. In order to write the MHD
equation for dyons, we apply the principle of electromagnetic duality for electric and
magnetic counterparts of dyons. For brevity we have used the natural units c = ~ = 1 and
µ0 = ε0 = 1. Let us generalize accordingly the Magnetohydrodynamic (MHD) equations
for dyons as
IV.1. Generalized MHD continuity equation for dyons
MHD continuity equation for pure electric charge(in the absence of magnetic mono-






−→u ) = 0. (27)
Similarly, taking into account the electron-monopole duality , we may write the continuity






−→u ) = 0. (28)
where ρm is the magnetic charge density. As such, for the case of plasma of dyon, we may





∇.(ρ−→u ) = 0 (29)
where ρ = ρe − i ρg is the generalized charge density of dyons described earlier in Section
II.
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IV.2. Generalized MHD fluid equation of motion for dyons
Similarly, we may express the second equation of magnetohydrodynamics (MHD)

























is the time rate of change of f due to collisions. Here we replace the force
−→
F of equation (30) as the force exerting on the particle simultaneously carrying electric











Substituting the equation (31) for force
−→
F of dyons into equation (30) and multiplying by












































−→v fd−→v = m
∂
∂t
(n−→u ) . (33)
where n is density function and −→u is the average fluid velocity. Similarly, the second term







∇.(n−→u ) + mn(−→u .
−→
∇)−→u (34)






























where ne and ng are respectively the number densities of electric and magnetic charges.
On the other hand, the right hand side term of equation (32) is analogous to the change
in momentum △
−→
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which is the MHD equation of motion for the case of dyonic plasma. In equation (38) ~ψ
is complex electromagnetic vector field of dyon,
−→







jg is generalized current source density of dyon. Physical
interpretation of equation (38) is thus describes due to the scattering of electric and
magnetic charge carriers of dyons. Equation (38) is also described as the fluid equation
of motion for generalized field of dyons (i.e. dyonic fluid) which is the modified form of
second equation for magnetohydrodynamics (MHD) in case of dyonic plasma.
IV.3. Generalized MHD Ohm’s law for dyons
Third equation of magnetohydrodynamics (MHD) given by equation (25) is recalled
as the modified form of Ohm’s law. Applying the duality principle, the magnetohydrody-













= gng[ ~H − ~u× ~E] +△Pg. (39)
Multiplying equation (25) by e
m
and equation (39) by ig
m







































































E ) is the
force due to magnetic monopole. As such, the equation (42) is the modified form of the
generalized Ohm’s law for magnetohydrodynamics (MHD) associated with the generalized
fields of dyons (i.e. the case of dyonic plasma).
IV.4. MHD Maxwell equation for electromagnetic fields for dyons
Generalized -Dirac-Maxwell (GDM) equations for generalized electromagnetic fields
for dyons are already given by equation (1) in Sec. 2. These equations are now be visualized
as the another set of MHD equations for generalized fields for dyons.
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V. FREQUENCY OF DYONIC PLASMA
The case of dyonic plasma is now be considered as not only the case of single particle
motions but rather a collective motion of the various charge species of conductive fluids
which contain the electric and magnetic charges both. As such, the dyonic plasma is the
generalization of two different kinds of plasmas namely the electric plasma and monopole
plasma. So, let us discuss first the electrostatic plasma oscillation responsible for plasma






where the symbols have their usual meanings and
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Applying the principle of electromagnetic duality, we may write the magnetic current











With the help of Maxwell’s Dirac equation (1) and using the relations (41), (45- 48), we
get the expression for wave number and frequency for generalized fields of dyons as


















where q = e − ig is the generalized charge of dyon. In equation (50) ωp is the now be
described as the plasma frequency of the dyon, q⋆ is the complex conjugate of generalized
charge q of dyon and k is known as the usual wave number.
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VI. MAGNETOHYDRODYNAMIC (MHD) WAVES FOR DYONS
Plasma is a complex fluid that support many plasma wave modes. Restoring forces
include kinetic pressure and electromagnetic forces [24, 25]. Let us discuss the small am-
plitude waves propagating through a spatially uniform MHD plasma. For this, we take
the two cases.









which is the Ohm’s law for a plasma of very high conductivity σe associated with the









which may also be identified as the Ohm’s law with very high conductivity σg associated
with the magnetic monopole. Post multiplying vectorially the fourth differential GDM
equation (1) by
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where △P = v2s
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The perturbation transformations [26] are now be considered as
ρ 7−→ ρ0 + ρ1;
H 7−→ H0 +H1;
E 7−→ E0 +E1;
v 7−→ v1; (58)
where ρ0 is the background density of the unperturbed fluid and v0 = 0 (i.e. the fluid is at
rest). Using perturbation transformations (58), we get the following reduced expressions
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je = 0. (63)











k = 0. (64)
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The vector nature of the equation (64) requires that the perturbed fluid velocity −→v1 must




k .−→v1 = kv1. Hence, the wave is













As such, the dyon acoustic waves propagates with velocity −→vφ in this case. This is recalled
as the dyonoacoustic, dyonosonic or simply compressional wave which involves compression
and rarefaction generalized electromagnetic waves associated with dyons along with plasma
oscillations.
VII. ENERGY OF DYONS
The energy of the dyonic plasma is related with the dispersive properties of the
wave oscillations. Starting from first principle for the electromagnetic energy density and
taking into account the specific features of dispersive relations of electromagnetic waves,
we may obtain the expression for electromagnetic energy density (namely the Poynting















































































so that we may obtain the energy density by taking time integration as






















































the rate of change of kinetic energy density of the dyon. This can be seen by taking the
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E .−→v + g
−→
H.−→v . (72)
Since this is the rate of change of kinetic energy of a single dyon, the rate of change of the
kinetic energy density T for the entire system of dyons is obtained by summing over the
































jm) increases the kinetic energy of dyons








jg ) decreases the kinetic energy of dyons. The









jg ) accounts for the changes in the dyon kinetic energy density,
W must be the sum of the generalized electromagnetic field density and the particle energy
density.
VIII. RESULT AND DISCUSSION
The foregoing analysis describes the magnetohydrodynamics (MHD) for general-
ized fields of dyons which are the particles carrying simultaneously electric and magnetic
charges. This generalized MHD reproduces the usual MHD if we consider the absence
of magnetic monopole on dyons. We have also discussed dyonoacoustic wave equation
along with plasma oscillations and calculated the energy of dyons. Accordingly the mo-
tion of plasma oscillations for two different fluids associated with the electric and magnetic
charges or a composite system of dyons has also been discussed. The present formalism
may also be useful for describing dyonic string solution transform under SL(2, Z). If the
plasma dynamics becomes too fast, resonances occur with the motions of individual par-
ticles which invalidate the MHD equations. Furthermore, effects, such as particle inertia
and the Hall effect, which are not taken into account in the MHD equations, may play an
important role. Since MHD is a single fluid plasma theory, a single dyon fluid approach




H drifts. Here the
electric field
−→
E and magnetic field
−→
H are considered to be symmetrical and dual invari-
ant for dyons while for the dynamics of individual charges these neither symmetrical nor
dual invariant. For the case of slow plasma dynamics, the motions of the dyon and ion
fluids become sufficiently different as single fluid approach is no longer tenable. This also
occurs whenever the diamagnetic velocities, which are quite different for different plasma




H velocity . Furthermore, effects such as plasma
resistivity, viscosity, and thermal conductivity, which are not taken into account in the
MHD equations, become important in this case. There is a different plasma frequency for
each species. For k to be real, only those generalized electromagnetic waves are allowed
to pass, for which ω > ωp. At very high frequencies, ω = ck, dyon can not respond fast
enough, and plasma effects are negligible. Thus Plasma frequency sets the lower cuts for
the frequencies of electromagnetic radiation that can pass through a plasma. The metals
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shine by reflecting most of light in visible range. The visible light can not pass through the
metal because the plasma frequency of electrons in metal falls in ultraviolet region. For
frequencies in ultra violet region (UV ), metals are transparent. The earth’s ionosphere
reflects radio waves in the same reason. In the present formalism, we have considered a
fluid element of dyonic plasma for which the overall charge is taken to be neutral. So,
an external electromagnetic field cannot cause motion of a fluid element as a whole, but
will sets up currents due to the motion of opposite charges in opposite directions. Due to
these currents, an external electromagnetic field exerts a force on the fluid element and
changes its direction of motion. Here we have described the motion of plasma oscillations
for two different fluids associated with the electric and magnetic charges or a composite
system of dyons. This description is an ideal MHD which gives an attractive mathematical
structures with well defined conservation laws.
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